ABSTRACT. We prove an isoperimetric inequality for groups. As an application, we obtain lower bound on Følner functions in various nilpotent-by-cyclic groups. Under a regularity assumption, we obtain a characterization of Følner functions of these groups. As another application, we evaluate the asymptotics of the Følner function of SympZq¸Z. We construct new examples of groups with Shalom's property H FD , in particular among nilpotent-by-cyclic and lacunary hyperbolic groups. Among these examples we find groups with property H FD , which are direct products of lacunary hyperbolic groups and have arbitrarily large Følner functions.
INTRODUCTION
Given a finitely generated group G, equipped with a finite generating set S, we denote by d S the word metric on G with respect to S. For a subset V Ă G, the boundary B S V of V is the set of elements of V at the word distance one from the compliment of V : v P V such that d S pV, GzV q " 1. We denote by F G,S p q the minimum of the cardinality of the sets V such that #B S V {#V ď and we put Føl G,S pnq " F G,S p1{nq. Føl G,S pnq is called the Følner function of G. It is well defined whenever G is a finitely generated amenable group.
In this paper we prove an isoperimetric inequality for groups and study its applications. Our result provides information on the structure of Følner sets: we prove that they contain subsets that are "satisfactory" in the sense defined below.
Given a set T in a group G and a subset V Ă G, let us say that v P V is r-good, if there exists at least r distinct elements u P T such that vu P V . Given a constant C ą 0 and a finite subset T Ă G, we say that V is a C-satisfactory set with respect to T if each v P V is C#T -good. Theorem 1.1. There exist constants C 1 , C 2 P p0, 1q such that the following holds. Let G be a group, S be a finite generating set of G. Let T Ă G be a set such that l S ptq ď r for all t P T . Take a subset V Ă G such that #B S V {#V ď C 1 {r. Then V contains a subset V 1 which is C 2 -satisfactory with respect to T . In particular, we can take C 1 " 1{24 and C 2 " 1{4. Corollary 1.2. Let G be a group with finite generating set S. Suppose G contains as a subgroup H " 'B i , i P I, where I is a countable set. Let vpi, nq " #tb P B i : b ‰ e, l S pbq ď nu, and N pn, kq " #ti : vpi, nq ě ku.
Then the Følner function of G satisfies
Føl G,S pnq ě pk`1q
CN pn,kq for any n, k P N and some absolute constant C ą 0.
Corollary 1.2 follows as well from an inequality of Saloff-Coste and the second author [30, Proposition 3.1] ; and the case with k " 1 from the inequalities proven in Gromov [25, Section 6 .1] where the fibers B i in the product were assumed to be cyclic assuring that the lower bound is valid not only for the Følner function, but also the linear algebraic Følner function, introduced in [25] . Before explaining examples where the estimate from Theorem 1.1 is better than the one obtained from Corollary 1.2, as in Corollary 1.3 below, we point out some consequences of Corollary 1.2.
Given two functions f 1 , f 2 we say that f 1 ĺ f 2 if f 1 pxq ď Cf 2 pKxq for some positive constants C, K and all x. If f 1 ĺ f 2 and f 2 ĺ f 1 , we say that f 1 , f 2 are asymptotically equivalent : f 1 » f 2 . It is clear that the asymptotic class of the Følner function of G does not depend on the choice of a finite generating set S in G. We recall that the growth function v G,S pnq counts the number of elements of word length ď n. We denote by l S pgq the word length d S pe, gq with respect to S. The asymptotic class of v G,S does not depend on the choice of the generating set. We write Føl G and v G for the equivalence classes of the corresponding functions.
Recall that the wreath product of A and B, which we denote by A B, is a semi-direct product of A and ř A B, where A acts on ř A B by shifts (in many papers, the authors denote it by B A). As a particular application of Corollary 1.2, we have that the Følner function of the wreath product G " A B, where B is a nontrivial finite group satisfies Føl G pnq ľ exppv A pnqq. This statement has been known previously since it follows from the inequality of Coulon and Saloff-Coste [5] and isoperimetric inequality for wreath product [10] applied to the case of finite lamp groups. Obtaining this statement as a consequence of Corollary 1.2 provides a unified setting for these inequalities. Indeed, observe that in order to prove the Coulon-Saloff-Coste inequality v A pnq ĺ Føl A pnq for a group A, take a finite group B " Z{2Z, and fix a finite generating set S of A. Observe that Følner function of G " A B with respect to generating setS " S Y tpδ e A , e A qu is clearly ď 2 Føl A,S pnq . On the other hand, as stated above, we have Føl G,S pnq ě exppCv A,S pnqq. We conclude therefore that Føl A,S pnq ě v A,S pC 2 nq, for some positive C 2 and all n.
As another application of Corollary 1.2, in Example 2.4 we show that the Følner function of the Grigorchuk group G ω , where ω P t0, 1, 2u
N is not eventually constant, satisfies an exponential lower bound. That is, if ω is not eventually constant, then Føl Gω,S pnq ě 2 Cn for some constant C ą 0. The volume growth of G ω is intermediate (that is superpolynomial and sub-exponential) by work of Grigorchuk [20] . In particular, the exponential lower bound on the Følner functions cannot be obtained by the Coulhon-Saloff-Coste inequality mentioned above. It is not known if there exists a finitely generated group with intermediate Følner function, see the survey of Grigorchuk [21, Problem 12, Conjecture 5 (ii)].
The lower bound obtained from Theorem 1.1 can be better than the estimate that one gets from the product subgroups as in Corollary 1.2. One of the illustrations is provided in the Corollary 1.3 below. Corollary 1.3. Consider a group SympHq of finitary permutations of the elements of a finitely generated group H. Let G " SympHq¸H be the extension of this group by H. Then the Følner function of G is asymptotically greater or equal than v H pnq v H pnq .
In particular, the Følner function of SympZq¸Z is asymptotically equivalent to n n . More generally, the Følner function of SympZ d q¸Z d (or of SympN q¸N , N of growth » n d ) is asymptotically equivalent to n n d . As another application of the isoperimetric inequalities, we construct nilpotent-bycyclic groups with prescribed isoperimetry, see Theorem 3.6. In particular, for any a ě 1, there exists a nilpotent-by-cyclic group with Følner function asymptotically equivalent to exppn a q. Alternatively, we can choose the group to be step-2 nilpotent by abelian. In the special case for a ď 2, the group can be chosen to be step-2 nilpotent-by-cyclic. Gromov states in [25, Section 8.2, Remark (b) ] that locally-nilpotent-by-cyclic groups give examples of elementary amenable groups with prescribed Følner functions, provided that the prescribed function has sufficiently fast growing derivatives. Further examples of groups with prescribed Følner functions were provided in the paper of Brieussel and the second named author [3] . In contrast to examples in [3] , the groups we consider here are nilpotentby-cyclic, and the regularity assumption on the prescribed function is milder. In the special case that the prescribed function is comparable to exppnq over infinitely many sufficiently long intervals, the group in Theorem 3.6 mentioned above can be chosen to have some additional properties, namely to have cautious and diffusive random walk along an infinite time subsequence. See Subsection 3.3 in particular for the cited definitions.
Recall that a group G is said to have property H FD defined by Shalom in [32] , if every orthogonal G-representation π with non-zero reduced cohomology H 1 pG, πq admits a finite-dimensional sub-representation. The above-mentioned property of admitting a cautious simple random walk along a subsequence is a strengthening of Shalom's property H FD . Indeed, it is shown in [14, Corollary 2.5] of that if G admits a symmetric probability measure µ with finite generating support such that for every c ą 0,
then G has property H FD . On the other hand, there exist groups with Shalom's property H FD such that simple random walks don't satisfy (1.1), see Subsection 3.3. In particular, we show that groups with property H FD where simple random walks don't satisfy 1.1 can be found among nilpotent-by-cyclic groups, or alternatively, among direct products of lacunary hyperbolic groups. In Section 5, we construct locally-nilpotent-by-cyclic groups with Shalom's property H FD that are lacunary hyperbolic. By definition, lacunary hyperbolic groups are hyperbolic on some scales, in some sense they are very "large" on these scales. We show that they can be constructed to be at the same time quite "small" on some other scales. Namely, they can admit controlled Følner pairs and have simple random walk which is cautious and diffusive along some infinite subsequence.
There are open questions for some other aspects of lacunary hyperbolic groups, regarding how "small" they can be on the scales that are not hyperbolic. For example, Olshanskii, Osin and Sapir [27] ask whether a lacunary hyperbolic group can have sub-exponential volume growth or non-uniform exponential growth. On the other hand, we mention that some questions regarding how "large" an amenable group with Shalom's property H FD can be are also open. It is not known whether a finitely generated amenable group admitting a simple random walk with non-trivial Poisson boundary can have property H FD .
PROOFS OF THE ISOPERIMETRIC INEQUALITIES
Let G be a finitely generated group, S be a finite generating set. Recall that l S denotes the word distance on pG, Sq. Take a subset V Ă G such that #B S V {#V ď 1{r.
Lemma 2.1. [Generalized Coulhon Saloff-Coste inequality] For each p : 0 ă p ă 1, C 1 ą 0 such that C 1 ă 1´p there exists C ą 0 such that the following holds. Let V Ă G be a finite subset such that #B S V {#V ď C 1 {r. Suppose also that T is a subset such that l S ptq ď r for any t P T . Then for at least p#V element v P V there exists at least C#T distinct elements t P T such that vt P V . More precisely, we can take C : 1´C " C 1 {p1´pq.
Proof. Suppose not. Then for at least 1´p proportion of the elements v of V , there is strictly less than C#T multiplications by elements in T for which vt P V . The idea of the proof is analogous to one of the known arguments (see e.g. [22, 6.43.] ) for the proof of the Coulhon-Saloff-Coste inequality [5] .
For each v P V consider the sets U v " tvs, s P T u, and consider the total number N of point of the union U v intersected with GzV , taking into account the multiplicity, that is
This cardinality N is at most #B S V #T r. Indeed, for each element t P T fix a geodesics γ t from e to T . If for some v P V the element vt R V , then the shifted geodesic v, vγ t intersects the boundary BV at least once. Let u P BV be the first intersection of v, vγ t with the boundary BV , and let d " dpv, uq. It is clear that d ď l S ptq and by the assumption of the lemma we have therefore d ď r. Observe that the point v is uniquely defined by u, t and d. Therefore the upper bound on N follows.
On the other hand, by the assumption of the lemma for at least p1´pq#V points v in V there exist at least p1´Cq#T elements in T such that vt is not in V . Therefore, N ě p1´pq#V p1´Cq#T . We conclude that
and hence p1´pqp1´Cq ă C 1 , which contradicts the choice of C 1 .
The following combinatorial edge removal lemma is along the same line of reasoning as [10, Lemma 1].
Lemma 2.2. Let V be a graph with vertex set V and edge set E. A vertex v is m-good if it has at least m edges connecting to distinct neighbors. Suppose that at least p#V vertices are m-good, where p ą 2{3, then V contains a non-empty subgraph such that every vertex is pcmq-good for where c ă mintp3p´2q{p, 1{2u.
Proof. Consider all the vertices in V that are not pcmq-good. Remove all of them and all the edges adjecent to them. After the removal there can be new vertices that are not pcmqgood. Remove again all of them and their adjacent edges. Repeat the process. We need to show that the process stops before the graph becomes empty.
Orient the removed edges AB as A Ñ B if A is removed earlier than B. Suppose v is a m-good vertex, but gets removed after several steps. Consider edges adjacent to v, then at least p1´cqm edges must be removed in order for v to fail to be pcmq-good. This implies that number of oriented edges ending at v is at least p1´cq{c as the number of edges starting with v.
Let C 1 be the number edges in V such that at least one of its end vertices is not mgood. Let C 2 be the number of edges removed that originally both of its end vertices are m-good. Since for every m-good vertex that gets removed at some stage, the number of edges ending at v is at least p1´cq{c as the number of edges starting with v, we have total number of edges removed ď C 1`C2 ď C 1`c 1´c
Note that C 1 ď mp1´pq#V . On the other hand, the total amount of edges in the graph V satisfies
Since c ă p3p´2q{p, we have that the total number of edges removed is strictly less than |E|, therefore the remaining graph is non-empty. This finishes the proof the lemma.
Now we return to the proof of Theorem 1.1.
Proof of Theorem 1.1. Given any p : 2{3 ă p ă 1, 0 ă C 1 ă 1´p, let V Ă G be a finite subset such that #B S V {#V ď C 1 {r. Then by Lemma 2.1, for at least p#V elements v in V there exists at least C#T distinct multiplications by t P T such that vt P V . Now consider the graph V for which the vertex set consists of elements in V and v, u P V are connected by an edge of there is some t P T such that u " vt. Then we have that at least p#V vertices are C#T -good. By Lemma 2.2, V contains a subgraph V 1 such that every vertex is cC#T -good, where c ă mintp3p´2q{p, 1{2u. In other words, the vertex set of V 1 is cC-satisfactory with respect to T . The choice of constants in the statement is somewhat arbitrary: we take p " 5{6, C 1 " 1{24 and c " 1{3.
In order to derive a lower bound for Følner function from Theorem 1.1, we need to estimate the volume of a set V 1 which is C-satisfactory with respect to T . In the situation that the set T is contained in a product subgroup ś B i , one can bound volume of V 1 from below by the following lemma. It is analogous to [10, Lemma 3] Lemma 2.3. [Satisfactory sets for G containing 'B i ] Let G be a group containing as a subgroup H " 'B i , i P I, I is a countable set. Let S i be a subset of B i . Given a subset V Ă G, consider the cardinality of the following set: for g P V , k P N, M k pgq " #ti P I : there exists at least k distinct s i ‰ e, s i P S i such that gs i P V u.
If for each g P V , the cardinality #M k pgq ě m, then the cardinality of the set V is at least p1`kq m .
Proof. Induction on m. The statement is obviously true for m " 1. Suppose we have proved the statement forf m´1. Consider the set of coset classes G " Yg α H, G α :" g α H. V " YV α . If V satisfies the assumption, all V α satisfy it also. In it enough therefore to assume that V belongs to one coset class, and without loss of the generality we can assume that V Ă H " ś B i . Fix one position i where the value B i takes at least k`1 possible values. For each fixed value apply the induction hypothesis for m´1. The cardinality of V is at least pk`1q times as much.
Proof of Corollary 1.2. Let G be a finitely generated group, S is a finite generating set, N pn, kq defined as the statement. For each index i P N pn, kq, choose k distinct elements tb 1,i ,¨¨¨, b k,i u from the set tb P B i : b ‰ e, l S pbq ď nu. Define T as the union of these elements T "
Consider a Følner set V Ă G such that #BV {#V ď 1{n. Then by Theorem 1.1, V contains a subset V 1 which is C-satisfactory with respect to the set T defined above. It follows from the definition of C-satisfactory and the structure of T that for any g P V 1 ,
By Lemma 2.3 the cardinality of such set V 1 is at least pk
Consequently, the cardinality of V admits the same lower bound. We conclude that the Følner function of G satisfies
where C, C 1 are some universal constants.
Example 2.4. We apply Corollary 1.2 to show that the Følner function of the first Grigorchuk group is at least exponential. We recall the definition of the first Grigorchuk group G " G 012 , which was defined by Grigorchuk in [19] . The group G 012 acts on the rooted binary tree T , it is generated by automorphisms a, b, c, d defined as follows. The automorphism a permutes the two subtrees of the root. The automorphim b, c, d are defined recursively:
For more details see [19, 20] and also [17, Chapter VIII] , [2, Chapter 1] .
The rigid stabilizer of a vertex u in G, denoted by Rist G puq is the subgroup of G that consists of these automorphisms that fix all vertices not having u as a prefix. By definition it is clear that automorphisms in rigid stabilizers of different vertices on a given level commute. To obtain a lower bound for the Følner function, given a level k, consider the subgroup ' uPT k Rist G puq, where T k denotes the level k vertices in the tree. We show that for in each summand Rist G puq, u P T k , there is an element g u P Rist G puq such that g u ‰ e and l S pgq ď 6¨2 k . Consider the substitution σ which was used in the proof of the growth lower bound in [20, Theorem 3.2] :
We verify that g 1 k is a non-trivial element in the rigid stabilizer of the vertex 1 k . To show this, it suffices to have
where 1 is the identity element. By the definition of σ, we have that for any word w in the letters ta, b, c, du, σpwq is in the stabilizer of the first level of the tree, hence we can write σpwq " pw 1 , w 2 q. Observe that w 2 " w and w 1 can be obtained from w by sending
where H denote the empty word. Note that the word w 1 is on letters ta, du only. In the first iteration, σpababq " acadacad, by direction calculation we have that g 1 " σpababq " p1, ababq. For k ě 1, σ k pabq is a word in blocks of acab, acac and acad. Under the substitution, σpacabq " pdad, acabq, σpacacq " pdada, acabq, σpacadq " pdada, acadq.
Let w k be the word on the left branch of σ k`1 pababq under the wreath recursion. Then w k is a product of blocks dad and dada. Since a, d generate the dihedral group xa, d|a 2 " 1, d
2 " 1, padq 4 " 1y, we have that pdadq 2 " 1, pdadaq 2 " 1 and the two elements dad, dada commute. Therefore w k can only evaluate to dad, dada or their product daddada " a in xa, dy. In each case we have that w k w k evaluates to the identity element. It follows that
We have proved the claim that g 1 k`1 " p1, g 1 k q. Since σ doubles the word length in each iteration, we have that l S pg 1 k q ď 2 k`2 . To get nontrivial elements in Rist u for other vertices in level k, we take appropriate conjugations of the element g 1 k . Since the Schreier graph of the level-k vertices with respect to generators ta, b, c, du is connected (and has diameter 2 k ), for any u P T k , we can fix an element ρ u P G such that u¨ρ u " 1 k and l S pρ u q ď 2 k . Take
Since g 1 k is a nontrivial element in Rist G p1 k q, it is clear that g u is a nontrivial element in Rist G puq. We have that l S pg u q ď 2 k`2k`2`2k " 6¨2 k . Apply Corollary 1.2 with H " ' uPT k Rist G puq and n " 6¨2 k , we have that for some absolute constant C ą 0,
which is valid for all k. In other words, we have an exponential lower bound Føl G,S pnq ě 2 Cn{6 . The same argument applies to more general Grigorchuk group G ω , where ω is not eventually constant. Namely, by taking appropriate substitutions, we can find nontrivial elements in Rist Gω puq of word length at most 6¨2 k for every u P T k . It follows by Corollary 1.2 that there is an absolute constant C ą 0 such that for any ω P t0, 1, 2u N which is not eventually constant,
By [20] , these groups G ω have sub-exponential volume growth.
CYCLIC AND OTHER EXTENSIONS OF NILPOTENT GROUPS
3.1.
Step-2-nilpotent-by-cyclic groups G " G Z,Nil,2 , G D,2 , and G D,2,k . Consider free nilpotent group N " N Z , free of step two on the generators b i , i Ă Z, and let N Z,2 be the quotient of N , over relations g 2 " e, g P N . Z acts on this group N Z,2 by shifts of the index set, consider the extension group G " G Z,Nil,2 .
For N as above, denote by b i the free generators of N , and put
of the group generated by b i,j , which is generated by b i,j such that i´j P D. Observe that B D is a normal subgroup of G Nil,2 . Indeed, subgroup generated by b i,j is central in the subgroup generated by b i , and the action an element z P Z sends b i,j to b i`z,j`z , and preserves i´j.
Denote by G D,2 the quotient group of G Nil,2 over B D . Moreover, given a sequence k " pk j q with k j P N, j P Z, consider the quotient of
A subgroup generated by such elements is a normal subgroup, we denote by G Z,Nil,2,k the quotient of G " G Z,Nil,2 by this normal subgroup and we denote by G D,2,k the quotient of G D,2 by the image of this subgroup in G D,2 .
were considered in P. Hall [15] . Note that in this special case G D,2,1 is a central extension of Z pZ{2Zq.
The groups G D,2 and G D,2,k admit the following normal forms for elements. The group G Z,Nil,2 is generated by two element: b 0 and a generator z 0 of Z. We use this generating set tb 0 , z 0 u for its quotients as well. Any element of G Nil,2 can be written a pf, zq, where
i,j , where each i , i,j P t0, 1u. In the product there are only finitely many terms with i or i,j nonzero. Note that since the elements b i,j are in the center of N Z,2 , the ordering of b i,j doesn't matter. Similarly, any element of G D,2 can be written as pf, zq, where z P Z,
In the further quotient G D,2,k , an element can be written as pf, zq, where z P Z,
Given a word in z˘1 0 , b 0 , the standard commutator collecting procedure (see [16, Ch.11] ) rewrites it into the normal form described above.
As an illustration of the isoperimetric inequality in Corollary 1.2, we first consider the following example. Proof. Consider the subgroup B r Ă B Z generated by b i,j ,´r ď i ă j ď r. The length of each b i,j is at most C 1 r, and B r is isomorphic to the product of xb i,j y,´r ď i ă j ď r. Applying Corollary 1.2 we conclude that the Følner function of G is at least exppCn 2 q. The upper bound that the Følner function is bounded by exppC 1 n 2 q is explained in the proof of (i) of the Corollary 3.3 below, applied by taking D to be the empty set.
More generally, Corollary 1.2 provides an optimal lower bound for the Følner functions of various quotients of G Nil,2 . In particular, for any non-decreasing ρpnq such that ρpn`1q´ρpnq ď 1 the function exppnρpnq`nq is a equivalent to a Følner function of G D , for some choice of a subset
In particular, for any non-decreasing function τ such that τ pn`1q´τ pnq ď n the function n`τ pnq is asymptotically equivalent to log Føl G pnq for some G " G D,2,k .
Proof. i). We say that a configuration f is contained in an interval I if in the normal form of f , all the nonzero entries i , i,j satisfy i, j P I.
Ω D pnq " tpf, zq : 0 ď z ď n, the configuration f is contained in r0, nsu.
, here z 0 is a generator of Z and m is some integer. Observe that for each g P Ω D pnq, the cardinality of such slice is equal to n`1 and exactly two points of each slice belong to the boundary f BΩ D pnq, for all n ě 1.
Therefore for all n ě 1 
Observe that the cardinality of Ω D pnq is equal to
It implies that for any D, the Følner function of G D,2 is at most 2n expp2n`2nρ D p2nqq. Let us show that Corollary 1.2 implies that there exists C ą 0 such that the Følner function of G D,2 is greater than exppCnρ D pCnqq. Consider the collection of b i,j with 0 ď i ă j ď n, j´i R D. The length of b i,j is bounded by l S pb i , jq ď 4n, and the subgroup they generate is isomorphic to a product ś xb i,j y where in the product there are ř iPr0,nsXNzD pn`1´iq copies of Z{2Z. By Corollary 1.2, we have that
Since G D,2 is of exponential growth, we also have Føl G D,2 pnq ě exppCnq. We conclude that
Finally, given any non-decreasing function ρpnq with ρpn`1q´ρpnq ď 1, we can select the set D Ă N such that NzD X r0, ns " ρpnq. Then the corresponding group G D,2 has Følner function as stated.
The proof of ii) is similar. Given a subset D Ă N and a sequence k " pk j q, consider the function
With the same argument as in the previous part we see that the cardinality of Ω D,k is equal to pn`1q2 n`1`ř iPr0,nsXNzD mintn`1´i,kiu , and that for all n ě 1
Observe that
The Følner function of G D,2,k is therefore at most exppn`τ D,k pnqq. By the same argument as in the previous part, from Corollary 1.2 we know that the Følner function of G D,2,k is greater than exppCn`Cτ D,k pCnqq for some C ą 0.
Given a prescribed non-decreasing function τ with τ pn`1q´τ pnq ď n, we select D Ă N and k j , j P N by the following rule: if tτ pnqu " tτ pn´1qu, then n P D; otherwise n R D and k n " tτ pnqu´tτ pn´1qu. Then we have τ pn{2q ď τ D,k pnq ď τ pnq.
Then the statement follows.
Remark 3.4. Under the assumptions of part ii) of the previous corollary, we are not able to say that Føl G D,k pnq is asymptotically equivalent to exppn`τ pnqq because it is not necessarily true that there exists a constant A ą 1 such that τ pAnq ě 2τ pnq for all n. For example, τ can be equal to n 2 i on the interval rn i , n 2 i s. 3.2. More general nilpotent-by-cyclic groups. For nilpotent groups of higher nilpotency class, we can take cyclic extensions similar to the previous subsection. We consider in this subsection two specific constructions. In these examples, the group G is a quotient of the semi-direct product N Nil,Z,c¸Z , where N " N Nil,Z,c is the step c free nilpotent group generated by b j , j P Z, subject to relation g 2 " 1 for g P N . The upper bound for the Følner function of G follows from taking the standard test sets similar to these in Corollary 3.3. We apply the isoperimetric inequality in Corollary 1.2 to obtain lower bound for the Følner function: we count the rank of the subgroups in the center of the nilpotent group N whose generators are inside the ball of distance n in G.
3.2.1.
A construction similar to G D,2 . We first recall the notion of basic commutators on letters b i , i P Z, as in [16, Ch.11] . The basic commutators, together with their weight and an order, are defined recursively as 1): c i " b i , i P Z are the basic commutators of weight 1, wpb i q " 1; ordered with
Having defined the basic commutators of weight less than n, the basic commutators of weight n are ru, vs where u and v are basic with wpuq`wpvq " n, u ą v, and if u " ru 1 , u 2 s then u 2 ď v. 3): For a basic commutator u of weight n and a basic commutator v of weight n´1, we have u ą v. Commutators of the same weight can be ordered arbitrarily, we use the following: for commutators on different strings, order them lexicographically, and for different bracketing of the same string, order them arbitrarily with respect to each other.
The basis theorem (see [16, Theorem 11.2.4] ) states that the basic commutators of weight n form a basis for the free abelian group F n {F n`1 , where F 1 " F is the free group on generators pb i q iPZ and F n " rF, F n´1 s. Let N Z,c be the quotient of free nilpotent group of step c on generators 
The extensions by Z of N Q is denoted by G Q " N Q¸Z . By a similar reasoning as in the step 2 case, we obtain a lower bound of the Følner function by counting the number of basis element in each abelian quotient.
Corollary 3.5. Let ρ Q pnq be the cardinality of the set Q X Epnq. Then there exists a constant C depending on c such that the Følner function of G Q " N Z,Q¸Z satisfies
Proof. We show the lower bounds first. Given n, let d " dpnq P t1, . . . , cu be an index such that |E d pnq X Q| ě 1 c ρpnq. Consider the projection of G Q to step d quotient, so that now Q Z X E d is in the center of the nilpotent group. Observe that each basic commutator
The number of such non-trivial basis element is |E d pnq X Q|. We can now apply Corollary 1.2 to obtain the lower bound on Føl G Q pnq in the same way as in Corollary 3.3.
The upper bound on the Følner functions follow from sets Ω n which is defined as all group elements that can be written as pf, zq where z P r´n, ns and f is a product of basic commutators only involving generators b j with j P r´n, ns.
3.2.2.
A construction similar to G D,2,k . Now similar to the case when Z acts on a step-2 nilpotent group, we can consider the case that on a nilpotent group of step c, where c ě 2, and impose relations such that the Z-orbits of commutators are periodic. Note that introducing such relations on commutators has consequences on the relations of higher commutators where they appear. Here we will consider a specific way of assigning periodicity, which is sufficient to prove the following result on nilpotent-by-cyclic groups with prescribed Følner function.
Following [14] , we say that a µ-random walk on G is cautious (along an infinite subsequence) if for every c ą 0,
By [14, Corollary 2.5], if a group admits a symmetric probability measure µ of finite generating support such that the µ-random walk is cautious, then it has property H FD .
Theorem 3.6. Let c P N and τ : N Ñ N be a non-decreasing function such that 0 ď τ pnq ď n c .
Then there exists a group nilpotent-by-cyclic group G " N¸Z and a constant C ą 1 such that N is nilpotent with class ď c and the Følner function of G satisfies
Alternatively, a group satisfying the estimate above can be chosen as a direct product G 1ˆG2 where each G i , i P t1, 2u, is a nilpotent-by-cyclic group on which simple random walk is cautious as in (3.1).
Proof. If τ is bounded, then the lamplighter group Z pZ{2Zq satisfies the inequality in the statement. In what follows we assume that τ is unbounded.
Define a sequence of indices pk i q recursively as
By assumption on τ , we have that τ`2 ki˘ď`2ki˘c . For each i, let c i be the integer such that`2 ki˘c i´1 ă τ`2 ki˘ď`2ki˘c i .
For each k i , we consider the group N i which is a quotient group of N Z,ci . The group N i is generated by tb j , j P Zu, with relations
and relations imposing that a commutator on a string pb i1 , b i2 , . . . , b i q is trivial whenever
where d denotes the distance on the cycle Z{2 ki Z. Note that the finite cyclic group Z{2 ki Z acts on N i by shift. Let G i be the extension of N i by Z{2 ki Z. By construction, the Z{2Z rank of the center of N i satisfies
Under the action of Z, the elements of the center of N i are divided into Z{2 ki Z-orbits and each orbit has size 2 ki . Further, we choose to keep tτ p2 ki q{2 ki u of distinct Z{2 ki Z-orbits under the action of Z{2 ki Z in the center of N i . The other orbits in the center of N i under action of Z{2 ki Z are set to be equal to identity element. Since this operation is performed in the center, it doesn't affect the lower levels. We denote byN i this quotient group of N i . By construction, the Z{2Z-rank of the center ofN i is comparable to τ p2 ki q. We denote byḠ i the extension ofN i by Z{2 ki Z . It is a quotient group of Γ " N Z,c¸Z . Let π i be the quotient map
We take the group G in the claim of the theorem to be
That is, G is the smallest group that projects onto eachḠ i marked with generating set tb 0 , tu.
We now verify that the Følner function of G satisfies the estimate as stated. In order to prove the lower bound for the Følner function, for n P r2
ki , 2 ki`1 s, consider the quotient groupḠ i , then we have Føl G,S pnq ě FølḠ i,S p2 ki q. By definition of k i`1 we have that τ pn{2q ă 2τ p2 ki q, thus we have proved the lower bound on Føl G,S pnq.
In order to show the upper bound of the Følner function, note that for n P r2 ki , 2 ki`1 s, the ball of radius n around identity inḠ j with 2 kj´c ą n are the same as the ball of same radius in Z pZ{2Zq. Then take the test set to be those elements which have support contained in r´n, ns. We have that the volume of this set is bounded from above by In the last inequality, we used the fact that by choice of k j , τ p2 kj´1 q ď 1 2 τ p2 kj q, thus the summation in the exponential function is bounded by a geometric sum. This completes the proof of the first claim of the theorem.
Next we show the second claim of the theorem. For a sequence of increasing integers pm i q, and a given prescribed function τ , set τ 1 pnq " τ pnq for n P rm 2j´1 , m 2j s and τ 1 pnq " τ pm 2j q for n P rm 2j , m 2j`1 q; and τ 2 pnq " τ pm 2j´1 q for n P pm 2j´1 , m 2j q and τ 2 pnq " τ pnq for n P rm 2j , m 2j`1 s.
Then both functions satisfy the assumption that 0 ď τ i pnq ď n c , i " 1, 2. Then as in the proof above, there is a nilpotent-by-cyclic group G i such that log Føl Gi is equivalent to n`τ i pnq. It follows that for the direct product Γ " G 1ˆG2 , log Føl Γ pnq is equivalent to n`maxtτ 1 pnq, τ 2 pnqu " n`τ pnq.
It remains to verify that for sufficiently fast growing sequence pm i q, the random walk on each G i , i " 1, 2, is cautious. Since τ 1 is constant on rm 2j , m 2j`1 q, it follows from the construction that there is index ipjq such that
It implies that in G 1 , the ball of radius cm 2j`1 is the same as iñ
The groupG ipjq fits into the exact sequence
where N ipjq is a finite nilpotent group depending only on value of τ 1 on r0, m 2j s. Take m 2j`1 to be sufficiently large such that m 2j`1 " DiamḠ ipjq ,S pN ipjq q. Then we have that for simple random walk on G 1 , k ď cm 2j`1 , |W k | ď DiamḠ ipjq ,S pN ipjq q`|W k |, where W k is the projection of the random walk to Z pZ{2Zq. It follows that for cm 2j`1 ą t " DiamḠ ipjq ,S pN ipjq q, for any c 1 ą 0
where δpc 1 q ą 0 is a constant only depending on c 1 . The last inequality used the fact that simple random walk on the lamplighter Z pZ{2Zq is cautious. The argument for the random walk on G 2 is the same, by choosing m 2j to be sufficiently larger than m 2j´1 .
Recall that the conjugacy class of an element g P G is the set thgh´1 : h P Gu. The FC-center of the group consists of elements with finite conjugacy classes. We say G is an FC-central extension of H if the kernel of the quotient map G Ñ H is contained in the FC-center of G.
Lemma 3.7. The nilpotent-by-cyclic group G in Theorem 3.6 is an FC-central extension of Z pZ{2Zq.
Proof. A formal commutator u on a string pb i1 , b i2 , . . . , b i q is nontrivial in only finitely many nilpotent groups N i in the construction. Indeed, to be nontrivial in N i , we need min 1ďj,kď dpī j ,ī k q ě 2 ki´ci on the cycle Z{2 ki Z. Since G " Γ{X 8 i"1 ker`π i : Γ ÑḠ i˘, we have that the conjugacy class of image of u in G is contained in a subgroup of the direct product of finitely many N i 's. Since each N i is a finite nilpotent group, it follows that the commutator u is in the FC-center of G. We conclude that G is an FC-central extension of Z pZ{2Zq. ‚ τ pnq " n α , for some α P r1, cs. ‚ The function τ admitting an increasing sequence of integers pn j q and α, β P p0, cs such that τ pnq " n α for n P rn 2j´1 , n 2j s and τ pnq " n β for n P rn 2j , n 2j`1 s.
Note that if α ď 1, then n`n α is equivalent to n. ‚ The function τ admitting an increasing sequence of integers pn j q and α P p1, cs such that τ pnq " n α for n P rn 2j´1 , n 2j s and τ is constant on rn 2j , n 2j`1 s.
3.3.
Oscillating Følner functions and oscillating drift functions. Theorem 3.6 allows us to construct groups with prescribed Følner functions, in particular, the prescribed Følner function can oscillate. Now we recall some previously known results about oscillating Følner functions and drift functions. Recall the drift function of a random walk with step distribution µ is defined as
We say the µ-random walk is diffusive along a subsequence if
It is not known whether the diffusive condition (3.2) and the cautious condition (3.1) are equivalent. The phenomenon of oscillating Følner function and drift function has been observed in various classes of groups.
Grigorchuk [20] has constructed groups G w of intermediate growth and shown that if w contains long subsequence of 010101 . . . then G w in some scale is close to a solvable group which is a subgroup of H m (m depends on the scale), where H is commensurable with a wreath product on which one can check that simple random walk has drift L H,ν pnq ď C ?
n. Thus the results of [20] imply that for any αpnq tending to infinity, there exists a choice of sequence w such that the resulting group G w is of intermediate volume growth and simple random walk µ on it satisfies L µ pn i q ď αpn i q ? n i along an infinite subsequence pn i q. For the same reason we have that along a subsequence pm i q, Føl Gw pm i q ď exppm i αpm i qq, and one can find a Følner set V i with #BV i {#V i ď 1{m i within the ball of radius m i αpm i q. On the other hands, if w contains long subsequences of 012012012 . . . , then [20] shows that G w is close on some scales to a group commensurable with G 012 . The group G 012 is defined with sequence w " p012q 8 and is usually referred to as the first Grigorchuk group. The result of [11] shows that the drift function of simple random walk on G 012 satisfies L G012,µ pnq ě n 0.65 for infinitely many n. This implies that by choosing w appropriately, the drift of simple random walk on G w can oscillate between n 1{2 αpnq and n 0.65 {αpnq for any αpnq Ñ 8 as n Ñ 8, see [13, Section 3.1] .
The construction of piecewise automatic groups in [12] (see also [13] ) shows that in a group of intermediate growth, the drift function L µ pnq can oscillate between n 1{2 αpnq and arbitrarily close to linear; and the Følner function can be bounded from above by exppnαpnqq along one subsequence, and arbitrarily large along another subsequence.
In both classes mentioned above one does not know how to evaluate asymptotic of L µ pnq and Føl G pnq.
The evaluation of L µ pnq in a family of examples including those with oscillating drift functions was done by Amir and Virag [1] , who has shown that a function f satisfies the condition that there is a constant γ P r3{4, 1q such that a 3{4 f pxq ď f paxq ď a γ f pxq for all a ą 0, x ą 0, then f is equivalent to the drift function of simple random walk on some group. In a paper of Brieussel and the second author [3] , via a different construction, it was shown that for any function satisfying a 1{2 f pxq ď f paxq ď af pxq, there is a group such that f is equivalent to the drift function of simple random walk on it. This construction also provides examples of groups with prescribed Følner function.
The examples of G w in [20] , piecewise automatic groups in [12] and examples of [3] can be chosen to satisfy L µ pnq ď ? nαpnq for infinitely many n for any given α tending to infinity, but none of these examples can have L µ pnq ď C ? n along some infinite subsequence. Now our examples discussed in Subsection 3.3.2, Section 5 and those described in [4, Subsection 3.3] provide groups with oscillating drift function satisfying diffusive upper bound along a subsequence (3.2).
Corollary 3.9. Given any β P p 1 2 , 1q, there exists a nilpotent-by-cyclic group G such that for any symmetric probability measure µ with finite generating support on G, the drift function L µ pnq satisfies that L µ pt i q ď Ct Proof. Given β, let α be an exponent such that α 2`α ą β. Take a rapidly growing sequence pm i q, and set τ pnq " n α for n P rm 2j , m 2j`1 s and τ pnq " m α 2j`1 for n P rm 2j`1 , m 2j`2 q. By Theorem 3.6, there is a nilpotent-by-cyclic group G such that log Føl G pnq is equivalent to n`τ pnq. When pm i q grows sufficiently fast, we have that along a subsequence pt i q, the random walk is cautious and diffusive by comparison to the projection to the lamplighter; while along another subsequence pn i q, we have µ ni peq ď exp´´cn
i¯. This implies L µ pnq oscillates between n α 2`α and n 1{2 , see Remark 3.10 below.
3.3.1. Examples of groups with property H FD . As we have mentioned in the Introduction, a group G is said to have Shalom's property H FD if every orthogonal G-representation π with non-zero reduced cohomology H 1 pG, πq admits a finite-dimensional sub-representation. By a result of Gournay [18, Theorem 4.7] , if the quotient of a group over its F C-centre has Shalom's property H FD , then the group also has this property. Therefore by applying this result and Lemma 3.7, for the groups constructed in Proposition 3.6, we have that they have property H FD . Alternatively, by a generalization of Gournay's result, [3, Proposition 4.7] implies that the group N Nil,Z,c¸Z has property H FD . Therefore its quotient groups considered in the previous subsection have property H FD as well.
In Theorem 3.6 we have shown that group satisfying the claim of the theorem can be chosen to be a direct product of two groups, on each simple random walk is cautious. Thus an alternative way to prove property H FD of these groups is to use [14, Corollary 2.5] (and the fact that the direct product of groups with Shalom's property also has this property). In Remark 3.10 below we show that the property of admitting a cautious simple random walk is strictly stronger than having property H FD .
It was shown in [4] that the construction of [3] , as well as a variation of it can be used to provide groups with Shalom's property H FD and prescribed Følner function. Groups we consider in Subsection 3.1, 3.2 provide another simple construction of this kind.
Remark 3.10. Examples of groups with property H FD and Følner function ľ exppn 2`δ q show that admitting a cautious simple random walk is a strengthening of property H FD . If the Følner function of G satisfies Føl G pnq ľ exppn 2`δ q for some δ ą 0, then for any symmetric probability measure µ on G with finite generating support, the µ-random walk is neither cautious nor diffusive. Indeed, by the general relation between isoperimetry and decay of return probability (see e.g. [37, Theorem 14.3] ), the lower bound on Følner function implies that the return probability µ n peq ĺ expp´n Therefore the µ-random walk is not cautious. Since the entropy satisfies H µ p2nq ě log µ 2n peq, we have
for some constants c, c 1 ą 0. Thus the random walk is not diffusive along any infinite subsequence.
Sufficient condition for cautiousness.
A sufficient condition for a symmetric µ-random walk to be cautious is that the 2 -isoperimetry inside balls satisfies the upper bound in the following lemma. Denote by
pf pxq´f pxyqq 2 µpyq : suppf Ď Bpe, rq : }f } 2 " 1 + .
Note that by Coulhon-Saloff-Coste isoperimetric inequality [5] , it always admits a lower bound that for some constant c " cpµq ą 0, for all r ě 1,
If the opposite inequality holds along a subsequence of balls Bpe, r i q, then the random walk is cautious:
Lemma 3.11. Suppose there exists a constant C ą 0 and a sequence of balls Bpe, r i q with r i Ñ 8 as i Ñ 8, such that
Then the µ-random walk is cautious in the sense of (3.1).
Proof. Let pW k q be the µ-random walk trajectory. We first show that max xPBpe,rq P x pW k P Bpe, rq for all k ď nq ě p1´λ µ pe, rqq n .
This inequality is a known bound which can be obtained from the eigenbasis expansion of the transition probability with Dirichlet boundary on the ball Bpe, rq. We provide a proof for the convenience of the reader. Let P D n be the semigroup with Dirichlet boundary on the ball Bpe, rq. We recall that by definition P D n f pxq " E x rf pW n q1 tnăτ u s, where f has zero boundary condition on Bpe, rq, W n is the random walk with step distribution µ and τ is the stopping time that the random walk first exits Bpe, rq. Let λ 1 ă¨¨ď λ v be the eigenvalues of I´µ with Dirichlet boundary on the ball, and ϕ 1 ,¨¨¨, ϕ v be the corresponding eigenfunctions normalized in such a way that }ϕ i } 2 " 1. Note that λ 1 " λ µ pBpe, rqq and ϕ 1 is non-negative. Then
Let x 0 be a point in Bpe, rq such that ϕ 1 achieves its maximum at x 0 . Then
To see that the assumed bound (3.3) imply cautiousness, note that
xPBpe,rq P x pW k P Bpe, rq for all k ď nq .
Given any constant c ą 0, take the time subsequence n i " pr i {cq 2 , we have
Følner pairs were used in Coulhon, Grigoryan and Pittet [6] to produce lower bounds on return probability (and upper bounds on 2 -isoperimetric profiles). We recall the definition: a sequence pF 1 n , F n q of pairs of finite subsets of G with F 1 n Ă F n is called a sequence of Følner pairs adapted to an increasing function Vpnq if there is a constant C ă 8 and such that for all n, we have (1):
Note that admitting such a sequence of Følner pairs implies that Føl G pnq ĺ Vpnq.
Remark 3.12. Følner pairs provide lower bound for return probability µ p2nq peq for a symmetric probability measure µ of finite support on G, see [6] . We mention that the group with prescribed Følner function in Theorem 3.6 admit Følner pairs adapted to a functions of the same order as its Følner function. For example, from Theorem 3.6, we have nilpotentby-cyclic groups with return probability decay equivalent to e´n α , for any α P r1{3, 8q.
The notion of controlled Følner pairs was introduced by Tessera in [34] . We say pF 1 n , F n q with F 1 n Ă F n is a sequence of controlled Følner pairs if they satisfy (1) and (2) as above, and (3 1 ): F n Ă Bpe, Cnq.
Note that it follows from definition that controlled Følner pairs are adapted to the volume growth function of the group. We say that a group admits a subsequence of controlled Følner pairs if there is an infinite subsequence pn i q and pairs pF 1 ni , F ni q which satisfy (1), (2) and (3').
Having a controlled Følner pair F Corollary 3.13. Suppose a finitely generated group admits a subsequence of controlled Følner pairs, then it has property H FD .
Tessera [34] defined a class of groups pLq which includes polycyclic groups, solvable Baumslag-Solitar groups and wreath products Z F with F finite, and showed that a group from this class admits a full sequence of controlled Følner pairs. Moreover, in [35] , he proved this property holds for quotient of any solvable algebraic group over a q-adic field where q is a prime. Shalom [32] proved that polycyclic groups have property H FD , using a theorem of Delorme [8] concerning the cohomology of irreducible unitary representation of connected Lie groups. Controlled Følner pairs in polycyclic groups provide another argument to establish property H FD for these groups, which does not use Delorme's result.
Remark 3.14. By [33, Theorem 1], the asymptotic behavior of the 2 -isopemetric profile inside balls λ µ pBpe, rqq is invariant under quasi-isometry. Therefore the property of satisfying the assumption of Lemma 3.11 is stable under quasi-isometry. Since having property H FD is a quasi-isometry invariant of amenable groups by [32] , it seems interesting to obtain sufficient geometric criteria for this property that are stable under quasi-isometry as well. The property of admitting controlled Følner pairs is stable under quasi-isometry. It is not known whether the conditions in the proposition of Ozawa [29] and of [14, Corollary 2.5] are quasi-isometry invariants.
3.4. Some other extensions. We mention here some other extensions of nilpotent groups where the isoperimetric inequality of Corollary 1.2 can be applied to obtain good lower bound for the Følner function.
Similar to the groups in Subsections 3.1, 3.2, we can drop the torsion relation that g 2 " 1 and consider cyclic extensions of torsion free nilpotent groups. The upper bound that Føl G,S pnq ď n
follows from choosing the following test set. For an element in G, it can be written uniquely in the normal form pf, zq where z P Z and f is a ordered product in terms of basic commutators f " ś u f puq , where f puq P Z is non-zero for only finitely many commutators. Recall that wpuq denotes the weight of u, which is equal to the commutator length, e.g. wpri 1 , i 2 sq " 2. Take the subset Ω n " tpf, zq P G : suppf Ă r0, ns, |f puq| ď n wpuq , 0 ă z ď nu, it is easy to verify that #Ω n {Ω n ď C{n. And it is clear that the volume of Ω n is bounded by #Ω n ď n¨n We can then consider various quotients of G Z,c similar to Subsection 3.2, namely by adding relations that certain basic commutators vanish or imposing finite orbits under the action of Z as in the proof of Theorem 3.6. The resulting groups are torsion-free-nilpotent by cyclic. To bound the Følner function from below, in the same way as illustrated in Example 3.15, we look for elements in cyclic factors of the center of the nilpotent group within the ball of radius n of identity in the ambient group and apply Corollary 1.2.
Since torsion free nilpotent groups are left-orderable, their cyclic extensions are leftorderable as well, see e.g. [9, subsection 2.1.1]. By a result of Gromov [25, Section 3.2] , for such left orderable groups, the linear algebraic Følner function (for definition see [25] ) is equal to the usual (combinatorial) Følner function. Removing the torsion relations from the construction of groups in Theorem 3.6, we obtain that for any prescribed increasing function 0 ă τ pnq ď n c log n, there exists a group G " N¸Z where N is torsion free nilpotent of step ď c and log Føl G,S pnq is asymptotically equivalent to n log n`τ pnq. Moreover in the lower central series of N , each quotient is torsion-free abelian. Therefore the group G is left-orderable. It follows that the linear algebraic Følner function coincide with the usual combinatorial Følner function, thus satisfying the same estimate.
For the free nilpotent group N Z d ,c of step c on generators b x , x P Z d , we can consider the extension N Z d ,c¸Z d and its various quotients. The method of looking for elements in cyclic factors in the center of the nilpotent group and applying Corollary 1.2 provides sharp lower bounds for the Følner functions of these groups as well. For example, we have
We mention that all the torsion free nilpotent-by-abelian groups discussed in this subsection doesn't have Shalom's property H FD , because they all admit Z Z as a quotient group. The wreath product Z Z doesn't have property H FD by [32, Theorem 5.4.1.].
EXTENSIONS OF A SYMMETRIC GROUP ON A COUNTABLE SET
Let H be a finitely generated group equipped with a symmetric finite generating set S, e.g. H " Z d . Consider the group of permutations of H with finite support. Let Sym H be the extension of this group by H. It is clear that Sym H is a finitely generated group, one choice of generatorsS is transpositions pe, sq, s P S and the generators S of H. In this section we derive a lower bound on the Følner function on Sym H in terms of the volume growth of H.
Let SympXq be the symmetric group on a countable set X. For a finite subset Y Ă X denote by T pY q the set of transpositions between points in Y , T pY q " tpy 1 , y 2 q : y 1 , y 2 P Y u. Here py 1 , y 2 q denotes the permutation that transposes y 1 and y 2 . The following lemma provides a lower bound for the cardinality of sets in SympXq which are C-satisfactory with respect to T pY q. By definition, V is C-satisfactory with respect to T pY q if for each v P V and at least C#T pY q " C 2 #Y p#Y´1q multiplications by distinct transpositions t P T pY q remain in V , that is, vt P V . Proof. Write n " #Y . We prove a more general claim. Let m P N, and we say that V Ă SympXq satisfies the assumption p˚q for m if for each v P V , there are at least m distinct elements of T pY q such that v multiplied with the element (on the right) remains in V . We show that if V verifies assumption p˚q for m, then the cardinality of V is at least pm{p2nqq m{p2nq . The lemma is stated for m " Cn 2 . To prove this, observe that for any given v P V , there exists a j P Y , such that vpj, kq P V for at least m{n distinct k's, k P Y . We fix one of such v and j. Consider V k to be elements σ of V such that σpv´1pjqq " k. It is clear that V is a disjoint union of V k , where the union is taken over k P X. Note that #V ě m n min #V k , where the minimum is take over k such vpj, kq P V .
Next we show that for each V k where k is such that vpj, kq P V , the assumption p˚q is verified for m 1 " m´n. Indeed, for u P V k there are at least m distinct transpositions in T pY q such that vt P V . Among them, if t " pr, sq satisfies ut P V but ut R V k , then it implies that either r " k or s " k. Changing if necessary the notation, we can assume that r " k. It follows that among these m distinct transpositions, there are at most n of them such that ut P V but ut R V k . In other words, for each u P V k , there are at least m´n distinct transpositions t P T pY q such that ut P V k .
Repeat this process for m{2n steps, we have that the cardinality of V is at least #V ě pm{nq ppm´nq{nq ppm´2nq{nq¨¨¨ě pm{p2nqq m{p2nq .
In particular, for V verifying the assumption p˚q for m ě Cn 2 , the cardinality of V is at least Dn Dn , for some constant D ą 0 depending only on C.
We now proceed to prove Corollary 1.3. Given h 1 , h 2 P H, the transposition ph 1 , h 2 q has length at most 4l H,S H ph 1 q`2l H,S H ph 2 q. Indeed, ph 1 , h 2 q " h´1 1 pe, h 2 h´1 1 qh 1 . Take a transposition pe, hq where e is the identity element. Write h as a shortest path in the generators: h " s i1¨¨¨si where " l H,S phq. We have pe, hq " pe, s i1 q¨¨¨pe, s i ´1 qpe, s i qppe, s i1 q¨¨¨pe, s i ´1 qq´1. Therefore, l Sym H ,S ppe, hqq ď 2l H,S phq´1. It follows that l Sym H ,S pph 1 , h 2ď 2l H,S ph 1 q`2l H,S ph 2 h´1 1 q ď 4l H,S ph 1 q`2l H,S ph 2 q.
Proof of Corollary 1.3. Given n ě 1 consider the set T n of transpositions T n " T pB H pe, nqq " tph, h 1 q| h, h 1 P H, where l H,S phq, l H,S ph 1 q ď nu.
Then by the length estimate above, we have that elements of T n are of length at most 6n in Sym H . Let V be a Følner set of Sym H such that #BSV {#V ď 1{200n. Then by Theorem 1.1, this set is 1{4-satisfactory with respect to T n . Since T n Ă SympHq, we can assume, by taking cosets, that V contains a subset V 1 Ă SympHq that is 1{4-satisfactory with respect to T n . Apply Lemma 4.1 with Y " B H,S pe, nq, it follows that there exists an absolute constant c ą 0 such that #V ě pcv H,S pnqq cv H,S pnq . [38] , where the drift function of the random walk on SympZq¸Z is estimated.
LACUNARY HYPERBOLIC EXAMPLES
In this section we show that there exist non-virtually cyclic amenable groups with Shalom's property H FD that are lacunary hyperbolic. Asymptotic cones first appeared in the proof of the polynomial growth theorem by Gromov in [23] . Roughly speaking, an asymptotic cone of a metric space is what one sees when the space is viewed from infinitely far away. For a definition using ultrafilters see van den Dries and Wilkie [36] . A well-known result of Gromov [24] states that a finitely generated group is hyperbolic if and only if all its asymptotic cones are R-trees. Recall that a group is lacunary hyperbolic if one of its asymptotic cone is an R-tree. By Olshanskii, Osin and Sapir [27, Theorem 1.1], lacunary hyperbolic groups can be characterized as certain direct limits of hyperbolic groups. More precisely, a finitely generated group G " xSy is lacunary hyperbolic if and only if G is the direct limit of a sequence of hyperbolic groups G i " xS i y, S i finite, with epimorphisms
ÝÑ . . . satisfying α i pS i q " S i`1 and δ i {r i Ñ 0 as i Ñ 8, where δ i is the hyperbolicity constant of G i relative to generating set S i , and r i is injectivity radius of the map α i .
Osin, Olshanskii and Sapir in [27] constructed lacunary hyperbolic groups that served as examples/counter examples to various question. In particular, using central extension of lacunary hyperbolic groups they show that there exists a group whose asymptotic cone with countable but non-trivial fundamental group. They prove that what is called "divergence function" (measuring how much the distance between two points outside the ball of given radius increases after removing this ball) can be arbitrary close to linear, but not being linear. They also show that the class of lacunary hyperbolic group is quite large: for example, one can find infinite torsion groups among lacunary hyperbolic groups; some of lacunary hyperbolic groups are amenable. Properties of endomorphisms and automorphisms of lacunary hyperbolic groups were investigated in Coulon-Guirardel [7] . In particular, every lacunary hyperbolic group is Hopfian, see [7, Theorem 4.3] .
We now briefly describe the construction of lacunary hyperbolic elementary amenable groups in [27, Section 3.5] . These groups are locally-nilpotent-by-Z, which was considered previously in [25, Section 8] . Let p be a prime number and c " pc i q be an increasing sequence of positive integers. Let A " App, cq be the group generated by b i , b p i " 1, i P Z with the following defining relations:
The group A is locally nilpotent, and it admits an automorphism a i Ñ a i`1 . Let G " Gpp, cq be the extension of A by this automorphism, G " xA, ty where ta i t´1 " a i`1 . By [27, Lemma 3.24] , if the sequence c grows fast enough, then G is lacunary hyperbolic.
In what follows, we consider a variation of the construction that introduces a sequence of slow scales where the group G is close to a lamplighter, while on another sequence of scales G can be approximated by hyperbolic groups. In particular, simple random walk on G is cautious along a subsequence of time pt i q with appropriate choice of parameters.
Theorem 5.1. There exists a finitely generated lacunary hyperbolic non-virtually cyclic amenable group G with Shalom's property H FD . Moreover, the group G can be chosen to be locally-nilpotent-by-Z and simple random walk on G is cautious and diffusive along an infinite subsequence of time instances.
Proof. Let M "˚j PZ xb j y, b p j " 1 be the free product of copies of Z{pZ indexed by Z, Γ " M¸Z be its cyclic extension where Z acts by shifting indices. Let π 0 be the quotient map from Γ Ñ Z pZ{pZq. Write G 0 " Z pZ{pZq. We define a sequence of quotients of Γ recursively as follows (these quotients are determined by a triple of parameters p i , c i , k i q iPN ).
After we have defined G i , given parameter i`1 , take the nilpotent subgroup in G i generated by b 0 , . . . , b 2 i`1´1 ,
Consider the quotient groupM i`1 of M defined by imposing the relations that for any j, the subgroup generated by A b j , . . . , b j`2 i`1´1 E is isomorphic to N i`1 (isomorphism given by shifting indices by j). LetΓ i`1 "M i`1¸Z be the cyclic extension ofM i`1 . ThenΓ i`1 splits as an HNN-extension of the finite nilpotent group N i`1 , thereforeΓ i`1 is virtually free, see [31, Proposition 11] . ThereforeΓ i`1 is hyperbolic, let δ i`1 be the hyperbolicity constant ofΓ i`1 with respect to the generating set S " tb 0 , tu. For parameters c i`1 , k i`1 P N, consider the quotient groupΓ i`1 "Γ i`1 pc i`1 , k i`1 q ofΓ i`1 subject to additional relations p˚q rrrb j1 , b j2 s , b j3 s , . . . , b jm s " 0 for any m ě c i`1 , b j " b j`2 k i`1 for all j P Z.
By choosing c i`1 and k i`1 to be sufficiently large, we can guarantee that the injectivity radius r i of the quotient mapΓ i`1 ÑΓ i`1 satisfies r i`1 " δ i`1 . Let ψ i`1 : Γ ÑΓ i`1 be the projection from Γ toΓ i`1 . Recall that π 0 denotes the projection from Γ Ñ Z pZ{pZq. We take the group G i`1 to be G i`1 " Γ{ pker ψ i X ker π 0 q .
By construction, if we choose k i`1 , c i`1 " i`1 , i`1 " max t i , k i , c i u to be large enough parameters, we have that G i`1 and G i coincide on the ball of radius 2 i`1 around the identity element, and G i`1 coincide with a hyperbolic groupΓ i`1 on the ball of radius r i`1 such that r i`1 " δ i`1 , where δ i`1 is the hyperbolicity constant ofΓ i`1 . Let G be the limit of pG i q in the Cayley topology, or equivalently, G " Γ{ X iPN ker ψ i .
Since along the sequence pr i q, the ball of radius r i around identity in G coincide with a ball of same radius in a hyperbolic group with hyperbolicity constant δ i ! r i , it follows that G is lacunary hyperbolic.
We now show that for parameters i`1 " max t i , k i , c i u large enough, G admits a subsequence of controlled Følner pairs, and simple random walk on G is cautious and diffusive along a subsequence. The argument is along the same line as in the proof of Theorem 3.6.
Since the balls of radius 2 i`1 are the same in G and G i , up to radius 2 i`1 it is the same to consider the corresponding random walk in G i . Let H i be the subgroup of G i generated by b 0 , . . . , b 2 k i´1 . Note that H i is a finite nilpotent group. Then because of the relations p˚q inΓ i , G i fits into the exact sequence 1 Ñ rH i , H i s Ñ G i Ñ Z pZ{pZq Ñ 1.
We use the same letter π 0 to denote the projection G i Ñ Z pZ{pZq as well (π 0 was used for the projection Γ Ñ Z pZ{pZq). For r ď 2 i`1´C , let F 1 r " tg P G i : π 0 pgq " pf, zq, suppf Ă r´r, rs, |z| ď ru, F r " tg P G i : π 0 pgq " pf, zq, suppf Ă r´r, rs, |z| ď r{2u.
Then by definition, pF r , F 1 r q forms a Følner pair. The outer set F 1 r has diameter bounded by Diam Gi,S ď Diam Gi,S prH i , H i sq`10r.
Since the diameter of the finite subgroup rH i , H i s in G i depends only on the choice of parameters up to index i, we have that for r ě r 0 pc i , k i q ě Diam Gi,S prH i , H i sq, the set F 1 r is contained in the ball Bpe, 20rq in G i . Thus for such r sufficiently large, pF r , F 1 r q is a controlled Følner pair in G i . Since the balls of radius 2 i`1 are the same in G and G i , for i`1 " c i , k i sufficiently large such that r 0 pc i , k i q ĺ 2 i`1´C , pF r , F 1 r q can be identified as a controlled Følner pair in G as well. Therefore if the sequence p i`1 q grows sufficiently fast compared to pc i , k i q in the sense described above, we have that G admits a subsequence of controlled Følner pairs. By Lemma 3.11, simple random walk on G is cautious.
Similarly, for simple random walk on G i , the drift function is bounded by L Gi,µ ptq ď Diam Gi,S prH i , H i sq`L G0,µ pnq, where G 0 " Z pZ{pZq. Thus when r 0 pc i , k i q ĺ 2 i`1´C , there exists some constant
depending on c i , k i , such that for t P r2 1 i`1 , 2 i`1 s, the constructed group G i satisfies L G,µ ptq " L Gi,µ ptq ď C ? t.
That is, simple random walk on G is diffusive Remark 5.2. The fact that the lamplighter group Z pZ{2Zq can be realized as a direct limit of virtually free group with growing injectivity radius was used by Osin in [28] to show that the Kazhdan constant of a hyperbolic group is not bounded uniformly from below under changing generating sets.
It is known that elementary amenable groups can have arbitrarily fast Følner functions, see [26, Corollary 1.5] (also the remarks in [10, Section3] and [25, Section8] ). By taking the direct product of two lacunary hyperbolic groups as in Theorem 5.1, we obtain locallynilpotent-by-abelian group with property H FD for which it can be shown (similar to [25, Section8] ) that the Følner function is arbitrarily fast. In addition to groups in [3] , they can provide another collection of elementary amenable groups with arbitrarily fast Følner functions while simple random walks on them have trivial Poisson boundary. Amenable (but non-elementary amenable)groups of with this property were constructed in [12] .
